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Abstract 

The radial (or Laplacian) masa in a free group factor is the abelian von Neumann 
algebra generated by the sum of the generators (of the free group) and their inverses. 
The main result of this paper is that the radial masa is a maximal injective von Neumann 
subalgebra of a free group factor. We establish this result by showing that sequences 
centralising the radial masa have an orthogonality property in the ultrapower, using a 
basis introduced by Radulescu. We also investigate tensor products of maximal injective 
algebras. Given two inclusions Bi C Mi of type I von Neumann algebras in finite von 
Neumann algebras such that each Bi is maximal injective in Mj, we show that the 
tensor product Bi B2 is maximal injective in Mi M2 provided at least one of the 
inclusions satisfies the asymptotic orthogonality property we establish for the radial 
masa. In particular it follows that finite tensor products of generator and radial masas 
will be maximal injective in the corresponding tensor product of free group factors. 

1 Introduction 

In [H], Popa showed that the von Neumann algebra generated by a single generator of a 
free group is a maximal injective von Neumann subalgebra of the factor generated by that 
free group. That is, if ¥k denotes the free group on K generators Oi, . . . , a^, then the von 
Neumann subalgebra of the free group factor C¥k generated by ai is a maximal injective 
von Neumann subalgebra of C¥k- This subalgebra is known as a generator masa (maximal 
abelian subalgebra) in C¥k- There is another naturally occurring masa in the free group 
factor C¥k- the radial masa generated by ^^i(ai + ^r^)' which was shown to be maximal 



abelian by Pytlik in p7j. The main objective of this paper is to show that this radial masa 
gives another example of an abelian maximal injective von Neumann subalgebra of C¥k- 

The radial masa shares many properties with generator masas. Dixmier defined a masa A 
in a III factor M to be singular if every unitary u E M with uAu* = A lies in A, and showed 
in [5] that a generator masa is singular. Singularity of the radial masa was established by 
Radulescu by means of an intricate calculation in [18], which provides a central ingredient 
in this paper. An alternative combinatorial proof is given by Sinclair and Smith in [20] . 
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To establish singularity of the radial masa, Radulescu computed its Pukanszky invariant, 
historically the most sucessful invariant for singular masas (see [22] for a discussion of this 
invariant). The Pukanszky invariant of a generator masa is easily computed using the group- 
subgroup methods of [21j and both the radial and generator masas have Pukanszky invariant 
{oo}. It is natural to ask whether these masas are conjugate in CFk- This seems unlikely, 
but we have been unable to find a proof. As noted in Proposition [Hi], it is easy to show that 
the radial masa is not inner conjugate to a generator masa in C¥k- 

Question 1.1. Does there exist an automorphism of C¥k which maps the radial masa onto 
a generator masa? 

The critical ingredient in Popa's proof of the maximal injectivity of a generator masa 
-B in a free group factor C¥k is an asymptotic orthogonality property at the Hilbert space 
level. Lemma 2.1 of [T4] shows that if xi,X2 are elements of an ultrapower {C¥k)'^ with 
Eb'^{xi) = Eb'^{x2) = and yi,y2 are elements of C¥k with Eb{iii) = Eb{iI2) = 0, then 
xiUi is orthogonal to 1/2X2 in the Hilbert space L"^ {{C¥ k)"^) ■ To do this, Popa first shows 
that those elements x e C¥k which approximately commute with the generator ai and are 
orthogonal to B must be essentially supported on the collection of words which begin and 
end with large powers of oi or a^^. The asymptotic orthogonality follows when yi,y2 are 
group elements in \ {a" : n G Z} and a density argument then gives the result for general 
yi and y2 (see also ^22, Section 14.2]). 

Most of this paper is taken up with establishing an asymptotic orthogonality condition 
for the radial masa (Theorem 16. 2p . This is the key step in proving maximal injectivity. 
The natural orthonormal basis of £^(F/f) does not behave well in calculations involving the 
radial masa, however to prove that the radial masa is singular Radulescu introduced in [I8j 
a collection of vectors which form a basis (albeit not quite an orthonormal basis) for £^(Fx) 
which can be thought of as spanning double cosets coming from the radial masa. In Section [S] 
we set up notation for discussing the radial masa and describe the properties of Radulescu's 
basis. In Section [4], we establish the essential location of the support of an element x in 
C¥x which is both orthogonal to the radial masa and approximately commutes with it. We 
do this in Lemma [4.31 the proof of which is contained in the lemmas preceding it. Section 
[5] contains the second step of [HI Lemma 2.1] for the radial masa. In this section, we use 
techniques from [201 to count certain words in ¥k which we use in Section [6] to establish 
the asymptotic orthogonality result from the results of Section [H All of the calculations 
described above are performed in £Fx ® N, where N is an arbitrary finite von Neumann 
algebra. The only additional difficulties this introduces are notational, and it enables us to 
show that certain tensor products involving the radial masa are also maximal injective, as 
described below. 

In [T4l 4.5 (1)], Popa asked how maximal injective von Neumann algebras behave under 
tensor products. That is, if Bi G Mi (i = 1, 2) are two inclusions of von Neumann algebars 
with Bi a maximal injective von Neumann subalgebra of Mj, must Bi ® B2 he a maximal 
injective von Neumann subalgebra of Mi ® M2? Various authors have subsequently worked 
on this question. The first progress was made by Ge and Kadison, who in [9] gave a positive 
answer when Bi = Mi is an injective factor. This result was subsequently improved by 
Stratila and Zsido who removed the factor assumption to show ([241 Theorem 6.7]) that if 
Ml is an injective von Neumann algebra and M2 is a von Neumann algebra with a separable 
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predual, then M10B2 is a maximal injective von Neumann subalgebra of Mi®M2 whenever 
B2 is a maximal injective von Neumann subalgebra of M2. In pS], Shen investigated the 
tensor product of copies of a generator masa inside the a free group factor, answering Popa's 
question positively in this case. He was also able to obtain a positive result for an infinite 
tensor product of generator masas and so obtain an example of an abelian subalgebra which 
is maximal injective in a McDuff IIi factor. In |T9j, it was necessary to develop an additional 
orthogonality condition styled upon [HI Lemma 2.1] for tensor products of generator masas. 
Recent progress was made by the second author, who in gave a positive answer to Popa's 
question in the case that Z{Bi) is atomic and Mi has a separable predual. 

In Section [2l we examine how asymptotic orthogonality properties based on [14], Lemma 
2.1] imply maximal injectivity. Using Popa's intertwining lemma and ingredients from [7lll9|. 
we are able to give a technical improvement of the argument which deduces the maximal 
injectivity of the generator masa from the asymptotic orthogonality condition. This argu- 
ment doesn't require any further assumptions on the masa beyond singularity and is also 
applicable to the tensor product of maximal injective algebras, provided we can establish a 
slightly stronger asymptotic orthogonality condition (the asymptotic orthogonality property 
of Definition 12.11) which in all known cases is established by exactly the same argument 
used to establish the appropriate version of [HI Lemma 2.1]. In particular, it follows that if 
A C M is a singluar masa of a IIi factor with the asymptotic orthogonality property, such 
as a generator masa or the radial masa in a free group factor, and -B C is a maximal 
injective injective von Neumann subalgebra of a IIi factor with B of type I, then A ® B 
maximal injective m M ® N (Theorem 12.81 taking A to be a masa). This result strengthens 
Shen's finite tensor product results from pTOj and enlarges the class of positive answers to 
Popa's question. 

The paper concludes with Section [7], which contains some final remarks. We show that 
the additional ingredients Popa uses with asymptotic orthogonality to show a generator masa 
is maximal injective, follow from maximal injectivity and Ozawa's solidity of the free group 
factors introduced in [TT]. In this way, we see that these properties of the generator masas 
are also satisfied by the radial masa. We end with a brief discussion of maximal nuclearity 
of the generator and radial masas in the reduced group C*-algebras of free groups. 

Acknowledgement: The work in this paper originated during a visit of the fourth author 
to the University of New Hampshire in April 2008. He would like to thank the faculty 
and students of the Department of Mathematics, and in particular Don Hadwin, for their 
hospitality during this visit. The authors would also like to thank Simon Wassermann for 
simulating conversations regarding maximal nuclear C*-subalgebras of C*-algebras. 

2 Asymptotic Orthogonality and Maximal Injectivity 

We begin by making a technical definition which can be used to deduce maximal injectivity 
for von Neumann subalgebras of type I. 

Definition 2.1. Let A be a type I von Neumann subalgebra of a type IIi von Neumann 
algebra M with a fixed faithful normal trace tm- Let be a finite von Neumann algebra 
with a fixed faithful normal trace Tn- Say that A G M has the asymptotic orthogonality 
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property after tensoring by N if there is a non-principal ultrafilter uj G /3N \ N such that 
x^^^yi ± y2X^'^^ in /.^((M ® A^)"^), whenever x^^^, x^^) are elements of {A ® CI)' n (M ® A^)'^ 
with = for i = 1, 2, and yi,y2 & M ® N with Ej^^i^{yi) = for i = 1, 2. Say 

that A has the asymptotic orthogonality property if it has this property when = CI. 

Note that the ultraproduct (M A^)"^ used in the definition above is constructed with 
respect to the product trace tm ® tn- 

In section 2 of Popa essentially shows that the generator masa inside a free group 
factor has the asymptotic orthogonality property. The arguments given in [Hj (see also [22l 
Section 14.2]) also show that the generator masa has the asymptotic orthogonality property 
after tensoring by any A^ without further work. As noted in [T4], given any separable diffuse 
type I von Neumann algebra i? 7^ CI, one can form the free product B *R and the methods 
of tl4j show that B is maximal injective in _B * i?. Indeed, these inclusions B C B * R have 
the asymptotic orthogonality property after tensoring by any A^. 

In this section we show how the maximal injectivity of a singular masa satisfying the 
asymptotic orthogonality property can be established without further hypothesis (Corollary 
I2.3p . We also examine tensor products, showing how the asymptotic orthogonality property 
after tensoring by A^ can be used to show that certain tensor products A^B of maximal 
injective subalgebras are again maximal injective. In subsequent sections we shall show that 
the radial masa in a free group factor also has the asymptotic orthogonality property after 
tensoring by any A^. It will follow that finite tensor products of generator and radial masas 
are maximal injective. We need some technical observations, the first of which easily follows 
from Popa's intertwining lemma. 

Lemma 2.2. Let L be an injective type IIi von Neumann algebra equipped with a fixed 
faithful normal trace. Let A be a type I von Neumann subalgebra of L. Then there exists a 
unitary u & L' n L'^ with Ea^{u) = 0. 

Proof. Since L is injective and so hyperfinite we can find a sequence (L^) of finite dimensional 
subalgebras of L whose union is weakly dense in L. It suffices to show that for all e > 
and n E N there exists a unitary u E L with ||i?A(M)||2 < ^ ^ind u E L'^H L. However, 
if there exists some n and e > for which no such unitary could be found, then Popa's 
intertwining lemma [16] (see also [HI Theorem F.12, 4^1] for the exact statement we are 
using) shows that a corner of fl L embeds into A inside L. This can not happen, since 
n L is necessarily type IIi and A is type Ign. □ 

Corollary 2.3. Let A be a singular masa in a IIi von Neumann algebra M with the asymp- 
totic orthogonality property. Then A is maximal injective. 

Proof. Let L be an injective von Neumann algebra with A C L C M. Let p be the maximal 
central projection in L so that Lp is type IIi. Note that p E A. If p 7^ 0, use Lemma [22] 
to find a unitary u in (Lp)' fl (Lp)'^ with Ea'^{u) = 0. Choosing some non-zero v E Lp 
with Ea{v) = 0, the asymptotic orthogonality property gives uv -L vu. On the other hand 
uv = vu, so uv = and v = 0, giving a contradiction. Hence p = and L is a finite type I 
von Neumann algebra. By [10], A is regular in L (see also [HI Lemma 2.3], where this fact 
can be found explicitly), so by singularity of A in M it follows that L = A, as required. □ 
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The proof of our second technical observation, which allows us to handle tensor products, 
is contained in [19] modulo a theorem from [24]. We include the details for completeness. 

Lemma 2.4. Let A C M and B C N be two inclusions of finite von Neumann algebras 
with separable preduals. Suppose that A' f] M C A and A is type I and suppose that B is a 
maximal injective von Neumann subalgebra of N . Let A®BcLcM®Nbean injective 
intermediate subalgebra. Then 

EAmiL) = A®B. 

Proof. Since A is finite and type I, it follows that (A'nM)'nM = A. Indeed if A is of type !„, 
we can express A as, Z® M„ for some abelian Z and construct a corrresponding factorisation 
M = M„. Then {A' n M) = {Z' n M) O CI so the condition that N^M d A implies 
that Z is a masa in M. Hence {N n M)' n M = (Z ® CI)' n (M O M„) = Z ® = A. The 
general case follows by taking a direct sum. 

Given x G L, Ej^^^ix) is the unique element of minimal ||-||2 in Qa^{uxu* : u G U{{A' fl 
M) ® Z{N))} as {{A' n M) ® Z{N))' n{M ^ N) = A^ N. Since {A' f] M) ® Z{N) C 
v4 ® i? C L, it follows that Ej^-^,^(L) C L. In particular, if x G L has ^ A® B, 

then we have 

A® B (Z{A®B, Ea^i^{x))" (ZA®N, 

where {A ® B,Ey^ ^ Ni^))" is a subalgebra of L and hence injective. This contradicts [241 
Theorem 6.7], which shows that A^ B is maximal injective in A^ N, whenever A is injective 
and B is maximal injective in a von Neumann algebra N with separable predual. □ 

These ingredients enable us to gain control over certain intermediate injective subalge- 
bras. 

Lemma 2.5. Let M, be finite von Neumann algebras with separable preduals. Let A be 
a type I von Neumann subalgebra of M with A' f] M C A and the asymptotic orthogonality 
property after tensoring by N . Let B be a type I von Neumann subalgebra of N which is 
a maximal injective von Neumann subalgebra of N. Lf L is an intermediate injective von 
Neumann algebra between A ® B and M ® N , then L is necessarily type 1. 

Proof. Let p be the maximal central projection of L such that Lp is type IIi. Note that 
p G L' n (M ^N) C A^ B. If p 7^ 0, then Lemma O gives us a unitary u G (Lp)' n (Lp)'^, 
with -^'((yi^B)^)" (^) = 0? where the ultrapower (Lp)'^ is constructed from the product trace on 
M ® N . Since {A ® B)p C Lp, there is some non-zero v & Lp with Ej<^q{v) = 0. Regarding 

M G (M ® A^)"^ and v e M® N,we have 

where the first equality uses Lemma [231 to see that Ej^-^j^{v) E A ® B. By writing u = 
for some Un & L with Ej^^^Un) = for all n, it follows that = for each n just 

as above and so E(^ji;^j^y{u) = 0. As A C M has asymptotic orthogonality property after 
tensoring by A^, we have uv ± vu. Since u G {Lp)' fl {LpY and v G Lp, u and v commute. 
Therefore uv = Q and hence f = 0, a contradiction. Therefore p = 0. □ 
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With the notation of the previous lemma, if we in addition assume that A is a singular 
masa with the asymptotic orthogonality property and 5 is a masa which is maximal injective, 
we can then deduce the maximal injectivity of A ^ B in M ® N as follows. Suppose L 
is an injective von Neumann algebra between A ^ B and M ® N. By Lemma [2.51 L is a 
finite type I von Neumann algebra. Since B is singular in M (by virtue of being maximal 
injective, see [121 Lemma 3.6] for example), A ® B is singular in M ® by [23l Corollary 
2.4]. On the other hand, every masa in a finite type I von Neumann algebra is regular by 
[Tn] (see also [H, Lemma 2.3]). Ergo L = A® B. 

Returning to the more general situation of type I algebras A and -B, the argument of the 
previous paragraph breaks down as there need not be a non-trivial normalising unitary of 
A®BiTiL. Indeed, take P to be M2(C) © CI, naturally embedded inside Q = Mgfc), 
then P' f] Q C P but every normalising unitary of P in Q lies in P. To circumvent this 
difficulty, we need to use groupoid normalisers. Recall that if P C Q is an inclusion of von 
Neumann algebras with P' HQ P, then a partial isometry v E Q is a groupoid normaliser 
of P if vPv* C P and v*Pv C P. We write QMq{P) for the collection of all groupoid 
normalisers. Recall too that if A is a singular masa in a finite von Neumann algebra M, then 
QJ^MiA) C A. To use the argument of the preceding paragraph in a groupoid normaliser 
context, we need the groupoid normaliser analogue of Kadison's fact that masas in finite 
type I von Neumann algebars are regular. 

Lemma 2.6. Let P d Q he an inclusion of finite type I von Neumann algebras with P'CiQ ^ 
P. ThenGMQ{P)" = Q. 

Proof. Since Z{Q) C Z{P), we can assume that Q is type I„ for some n E N. By [131 Theorem 
3.3], P contains a masa of Q, say B. By [IHl Theorem 3.19], we can write Q = A ® M„, 
where A is the centre of Q and P = A D„, where ©„ are the diagonal matrices of M„. An 
easy calculation shows that p © Cij is a groupoid normaliser of P for every projection p E A 
and the {eij)^j^i are the standard matrix units of M„. These elements evidentally generate 
Q. ' ' □ 

In [6], the second author introduced the notation of complete singularity of an inclusion 
P C which implies that QMq^P) C P. Since it was shown in [6l Proposition 3.2] that a 
maximal injective von Neuamnn subalgebra is completely singular, the next lemma follows 
immediately. Alternatively, one can establish the lemma directly from Connes' characteri- 
sation of amenability in [4] by showing that if P is an injective von Neumann algebra and v 
is a groupoid normaliser of P, then (P U {v})" is also injective. 

Lemma 2.7. Let P he a maximal injective von Neumann suhalgehra of a von Neumann 
algehra Q. Then GMq{P) C P. 

We are now in a position to prove the main result of this section. 

Theorem 2.8. Let M, N he finite von Neumann algehras with separahle preduals. Let A he a 
a type I von Neumann suhalgehra of M with QN m{,A) C A and the asymptotic orthogonality 
property after tensoring hy N. Let B he a type I von Neumann suhalgehra of N which is 
a maximal injective von Neumann suhalgehra of N. Then A ® B is maximal injective in 
M®N. 
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Proof. Let L be an injective von Neumann algebra with A0BCLCM®N. By Lemma 
12.51 L is type I and so A (g) S C L is an inclusion of finite type I von Neumann algebras 
with {A ® B)' f] L C A ® B. By Lemma [2.61 there is a groupoid normaliser v of A B in 
L with V ^ A^ B. On the other hand QJ\fM{A) C A by hypothesis and QMn{B) C B hj 
Lemma [2771 Corollary 5.6 of [8j shows that 

GAfMmi^ ® B)" = Q^fMiA)" ® GMNiB)" = A® B, 
and this gives a contradiction. Hence A ® B is maximal injective in M ® A^. □ 

Taking B = N = C in the previous theorem immediately yields the next corollary, which 
we could also establish directly in exactly the same way as Corollary 12.31 

Corollary 2.9. Let A G M be an inclusion of a type I von Neumann algebra inside a 
finite von Neumann algebra such that QJ\fM{A) C A and A has the asymptotic orthogonality 
property. Then A is maximal injective in M. 

Finally we note that the asymptotic orthogonality property does not pass to tensor 
products. Indeed, no inclusion A ^ B G M (S) N with A and B masas in type IIi factors can 
have the asymptotic orthogonality property. To see this, take a unitary u in A' H M'^ with 
Ea'^{u) = by Lemma [2?2] and some non-zero v E N with Eb{v) = 0. Then {u 1) lies in 

{A ® B)' n (M ®A^)^ with Ef^^-^Briu ®l) = Oandl®veM^N with Sa®b(1 ®v) = 0, 
but uv = vu. 

3 The radial masa in a free group factor 

For K > 2, let denote the free group on K generators. Write ai . . . ,aK for the generators 
of Fi^. We regard as a subset of the free group factor CFx- The unique faithful normal 
tracial state r on CW^ induces a pre-Hilbert space norm ||a;||2 = r(x*a;)^/^ on CW^ and 
completing C¥k in this norm yields the Hilbert space £^(Fx). Therefore, we can regard 
C¥k as a subset of i'^(¥K) as well as an von Neumann algebra acting on i'^iFx)- 

Given g G F^^, write \g\ for the length of g. For n > 0, let w„ G CF^ be the sum of all 
words of length n in ¥k. The recurrence relations 

{Wn+l + {2K - l)Wn-l n> 1 
W2 + 2Kwo n = 1 (3.1) 

wi n = 

show that wi generates an abelian von Neumann subalgebra of ^Fi^-, which we denote by A. 
This is the radial or Laplacian subalgebra of CW^ which was shown to be masa in CW^ by 
Pytlik, [17]. Write L'^{A) for the closure of A in £^(Fa') and note that {wn/ \\wn\\2)n=o ^orms 
an orthonormal basis for L'^{A). 

As promised in the introduction, we give an easy argument which shows that the radial 
and generator masas are not inner conjugate in CF^. 

Proposition 3.1. There is no unitary u G C¥k with uAu* = {ai}" . 
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Proof. Let $ be the automorphism of C¥k induced by the automorphism of C¥k which 
interchanges the generators ai and a2 and fixes the other generators. Note that $(wi) = wi 
so that $ fixes the radial masa pointwise. If such a unitary u existed, then ^{u)A^{u)* = 
^{uAu*) = $({ai}") = {02}" and then 6^ = ad gives an inner automorphism of C¥k 

with 0{{a2}") = {ai}" and this contradicts [H Corollary 4.3]. □ 

To show that the radial masa is singular in CWk, Radulescu decomposed ^^(¥2) into a 
direct sum of orthogonal A — A-bimodules, [18]. Before setting out this decomposition, we 
need some preliminary notation. For /> 0, let IV/ denote the subspace of i'^iWx) spanned 
by the words of length / in ¥k- Let qi be the orthogonal projection from £^(F/^) onto Wi. 
Given a vector ^ E Mi, and integers r, s > 0, define 

_ qr+s+l{Wr^W,) 

Radulescu's definition does not have the scaling factor {2K — on the denominator, 

which we introduce simplify our subsequent calculations. Indeed, this scaling factor ensures 
that ||^r,s||2 = 11^112' fo'^ r,s > and so ^ 1— > C,r,s extends to an isometry i'^lF^) Q L'^{A) — ^ 
f(¥K) e L'^iA). Define ^r,s = when either r < or s < 0. 

Radulescu constructs a sequence of orthonormal vectors in i'^iFx) with the fol- 

lowing properties. 

1. Each ^' lies in I4^i(i), for some > 1. 



2. The subspaces Span(A^*A) are pairwise orthogonal in £^(Fx) and ©Span(A^*A) 

e{¥K)eL^iA). 



3. For those i with l{i) > 1, the spaces Span(y4^M) have orthonormal bases (Cs)r,s>o- 

4. For each i,j > 0, the map Tij which sends to extends to a bounded invertible 

operator from Span(yl,^*A)"^ onto Span(y4,^M)"^ Furthermore, there exists a constant 
Cq (which depends on K but not i or j) such that 

||T,,,||,||7;,7/|| <Co, z,j>0. (3.3) 

We can also choose the ^* to be self-adjoint. It then follows that {CrsY = Cr- Note that the 
set ^ : z > 1, r, s > 0} does not give an orthonormal basis for £^(Fx) L'^{A), due to the 
presence of some indices i with = 1. However, the last two facts above show that this 
set is at least a basis for £'^(¥k) QL'^{A) and the 2-norm it induces is equivalent to the norm 
II -112. We shall subsequently use this in a tensor product setting. 

Proposition 3.2. Let H be a Hilbert space and let r] e {f(¥K) ®H)e {L^{A) ® H). Then 
there exist vectors (a^ s)r,s>o,i>o i'lT' such that r] = Cs ® '^l-s- Furthermore 

i>l 
r>0,s>0 

Co'M2< E ll<Jl2<Co||r/||2, 

i>l 
r>0,s>0 

where Cq > 1 is the constant appearing in equation ( fg. 3\} . 
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A critical component of Radulescu's computations in |18| are recurrence relations analo- 
gous to (13.11) showing how the behave under multiplication with wi. We will need these 
relations subsequently so we recall them here. Again it is slightly more convenient for our 
purposes to use a suitable normalisation, so we define wi = wi/{2K - 'jj^gj^^ for z > 1 

and r, s > 0, there exist values of aii) = ±1 so that 

r > 1 

w.Cs = <( a,s r = 0, m > 2 (3.4) 

o,s-i r = 0, = 1 

and 

C,i s = 0, /(z) > 2 (3.5) 

C,i + 2ftC-i,o s = 0, /(z) = 1. 

Recalling that C-i,s C,-i defined to be zero, it follows that the second cases of the 
relations above are identical to the first cases. 




4 Locating the support of elements of A' H {C¥k 



In this section we establish the first half of the technical estimates required to show that the 
radial masa has the asymptotic orthogonality property in C¥k- Our objective, realised in 
Lemma [131 is to control the support of elements of A' f] (CWk)^ which are orthogonal to A^. 
We perform these calculations after tensoring by an arbitrarily finite von Neumann algebra 
A*" as our objective is the asymptotic orthogonality property after tensoring by an arbitrary 
A^. For each z, define 

1 ~ 2X-15 K'^) 



Lemma 4.1. Let N be a finite von Neumann algebra and suppose that x G i'^i^x) ® L'^{N) 
has X ± L'^{A ® A^) and WxW^ = 1. Write 



X = 

r,s>0, i>l 



;>0, i>l 

with convergence in £^(F;^) L'^{N), for some a^s ^ L'^{N). Then, for each s > 1 
I ( J2 \\^r-s,o + A(Oa;_,+2,o + ■ ■ ■ + A(z)a;+,_2_o + K^)ar+s,o\\l) ^ ~ ( 5Z W^rjl 

r>s r>s 
i>l i>l 

< 3'~^Co Mwi ® 1) - (wi ® l)x||2 , (4.1) 



where Co is the constant of Proposition \3.^ 
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Proof. Write e = \\x{wi 1) — {wi l)a;||2 and define a* ^ = whenever r < or s < 0. 
Recalling the convention that ^ is zero whenever r < or s < 0, the recurrence relations 
( jXill and dSSl) show that 



C+i,s + C-i,s ~ C,s+i ~ C,s-i5 K"^) ^2, r, s > 
C+i,s + C-i,s ~ C,s+i ~ C,s-i5 ^(^) ~ r, s > 1 

2/<-i^o,s-i ~ ^i,s+i ~ ^(^) = 1) r = 0, s > 

Ui.o-a,i, ^(1) = 1, r = . = 0. 

Collecting terms together, the relations above yield 

[Wi ® 1, Xn] = Yl ^r,s ® («r-l,s + "r+l.s " <s-l " <s+l) 
Z(j)>2, r,s>0 

«(t)=l, r',s>l 
i(i)=l, r>l 

+ 5Z ® - «0,s-l - A(^)«0,s+l) 

l{i)=l, s>l 

+ Yl ^(^)^o,o®Ko-"o,i), 

l{i)=l 

with convergence in £^(Fi^) (^L^{N). Proposition 13.21 then gives the estimate 



,0 '^r,l. 



r,s+l. 



o-* — o-* IP 

"r,s-l "r,s+lll2 



j 2 II 2 

~ ^T,\ II2 



),s+lll2 



(4.2) 



Y^ ll'^r~l,s + '^■r+1, 
/(i)>2, r,s>0 

I \ ^ 11,^* _L/-i* /^* /^* l|2 

"T 2-^ ll"r-l,s "T "r+l,s "r,s-l "r,s+lll2 

i(i)=l, r,s>l 
i(j)=l, r>l 

+ E 

+ Y IIMOKo-«0,l)ll2, 
i(i)=l 

where Cq is the constant of Proposition 13. 2[ 

Considering the terms with s = from the first line of right hand side of (14.2p and those 
terms from the third line gives 



E 

■r>l 
«(i)>2 



l"r-l,0 "T "r+1,0 "r,lll2 



Y ll^(^)"t+l,0 + «t-l,0 - <lll2 < ^0^' 



/(i)=l 
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since defined to be zero. Since = 1 whenever > 2, this is 

Yl ll"r-i,o + A(^)at+i,o - <ill2 < Cy. 



r>l 
i>l 



An application of the triangle inequality then yields 

1/2 y/2 



( Yl ii"'-i,o + ^(*)"t+i,oii2) - ( J2 



i>l 



r>l 
i>l 



< Co€, ro > 0, 



which is the s = 1 case of the Lemma. 

For the s = 2 case, take those terms on the right-hand side of (14. 2p with s = 1 and r > 2 
to obtain 

~ <^i.i-<o-<2\\l<Cy. (4.3) 



r>2 
i>l 



Now 



<2 + K,0 - "r+l,! - "r-l,! = (^<2 " ("^-2,0 + ^(0<0 + ^(Oar+2,o) ) (4-4) 

- ("r-l,! - ("'-2,0 + ^(0<o)). 



SO (14.31) . the s = 1 case of the lemma and the triangle inequality give 

1/2 /^.. . „,\l/2 



(5^ ll«t-2,0 + ^(0<0 + A(^)<+2,oll2) - (5^ IKll 



r>2 
i>l 



r>2 
i>l 







< 3Co£. 



We need to sum over r > 2 to use the s = 1 case of the Lemma. 

Suppose inductively that the lemma holds for 1 < s < sq. Taking those terms in (14. 2p 
with s = So and r > s gives 



r>so 
i>l 



2 2 1 1 2 ^ /^2 2 



(4.5) 



The identity 



(4.6) 



"r,so-l '^r,so+l '^r-l,so '^r+l,i 
~ (ci.r_SQ,0 "I" -^(O'^r-(so-2),0 

+ --- + A(z) 

+ "r,so-l ~ ("r-(so-2),0 + -^(^)"r-(^o-4),0 H ^ -^(^)"r+^o-4,0 + H^)K+so-2,o) 

- {K+l,so - («r+l-(so-l),0 + ^(0ar+l-(.o-3),0 + " " " + ^(^)"r+l+{so-3),0 + ^ (^)«r+l-(so-l),o) ) 

- («r-l,so - ("r-l-(.o-l),0 + -^(0"r-l-(.o-3),0 H ^ A(i)a;_i+(^Q_3)^o + (^)"r-l+(so-l),o) ) > 
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the inductive hypothesis, (14.5P and the triangle inequality imply that 



r>so r>so 
i>l i>l 



2\l/2 
2/ 



By induction, the lemma holds for all s. □ 

The crux of Lemma [4.31 is contained in the next Lemma. 

Lemma 4.2. Let N be a finite von Neumann algebra. Let x = be an element of {A ® 
CI)' n {C¥k ® A^)"" with \\xn\\2 = 1 and = for all n. Write x„ = J2i,r,s C,s ® 

for some a^'l G L'^{N) and convergence in f'i^K) ® L'^{N). Then 



lim = lim Yl W^oX = 0- 

>1, 

Proof. Note that for ^,76 L'^iN) 



n— >t<j ^— ' ' n— »a; 

i>l, r>0 i>l, s>0 



^ll/5-7ll^<l|/3||^ + 



For t > 1, take /5 = a"o + -^(^)"r+2,o + " " " + '^(Oo^r+2i,o 7 = Q!"+2,o + + " " " + 

A(2)a"^2to ^'^d sum over r and i to obtain 



\ Y ll^r.O - (1 - ^(0)"r+2,oll2 (4-7) 

r>0, i>\ 

^ \ ^ / II I \ / -X I \ \ I ■\ n,i ||2 I II n,i , \ / -n n,i , < \ f ■\ n,i 

^ (^ll"r,0 + ^(^)"r+2,0 + " " " + A («)a,,+2t,0 II 2 + ll"r+2,0 + K^>(^r+4fi + " " " + A(«)a^+2t,o 



2 ' 
2 /' 



r>0, i>l 

for n,teN. Note that a^'o + X{i)a'^+2,o + ■■■ + A(0"r+2t,o = o + Hi)artt-t+2,o + ■■■ + 

Let En = ||x„(wi ® 1) — (wi l)x„||2. Lemma [4T] gives 



( ll"r;0 + A(0"r+2,0 + --- + -^(0"r+2t,oll2) 

r>0, i>l 

<( E ll<tll^)'^' + 3*-iCoe„. 



r>t, i>l 



Similarly 



'^r+2t,oll2 



1/2 



r>t+l 
i>l 
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Ergo, for each t > 1, the previous two inequalities and (I4.7P give 



^ Yl II^^'O - (1 - ^W)«r+2,ol 

r>0, i>l 

^ \ ^ II n,i\\2 I \ ^ II n,i \\2 

r>t r>t+l 
i>l i>l 

r>t 
i>l 

^ \ ^ II i,i||2 I \ ^ II tlA I 



r>t r>t+l 
i>l i>l 



r>i r>i+l 



+ ^0^(2 ■ 3*-^ + 2 ■ 3*"2)£„ + Co^(32*-2 + 32*-4)4, 



using the fact that X]r,s,j Il'^r,sil2 - ^o- 

Summing this inequality over t = 1, . . . , to, and crudely estimating the first two sums on 
the right-hand side gives 

^ 2^ ll"r;0 - (1 - ^(^))«r;2,oll2 
r>0, j>l 

< 2 + X^(2.„(3*"^ + 3*-^) + (3^*"^ + 

i>l 

Since ||x„||2 = 1, Proposition 13.21 shows that the first term on the right hand side above is 
bounded by the constant Cq (which depends only on K). Therefore 

Y ll""o ~ (1 ~ ^(0)«r+2,oil2 

r>0, i>l 

^ 4C| ^ 2C| ^ (2£„(3*-^ + 3'-') + (3''-' + 3''-')el) . (4.8) 
^" ^" t=i 



The first term of (14. Sp can be made arbitrarily small by choosing a suitably large value for 
to. Thus 

lim E ll<o-(l-MOK:;2,of = 0, (4.9) 



n— >Lij 

r>0, i>l 



as lim„_<^e„ = 0. 

Since = 1, when > 1, (14.91) implies 



lim V IK/olla = 0. 



n— ^a; 

r>0, «(j)>l 



13 



For those i with = 1, we have |(1 - = 1/{2K - 1). Since 



1 1 ) II ri,j||2 II n,i \\2 



^ II n,i\\2 
< ll"r,oll2 



^ II "i* I /I \ / -W "i* II 2 
< ||a,,o + (1 - ^(0)"r+2,oll2> 

fl4.9p also imphes that 



U - 2K-l ) 5Z ll""oll2 < XI ll"r;0-(l-^(0)«r+2,oll2^0' 72 ^ 07. 



,i|2^Q_ 



Combining the cases = 1 and Z(z) > 1 gives 

hm X la";; 

r>0, i>l 

Finally, replacing x by x* interchanges the roles of r and s. Therefore 

lim V |aojp = 0, 

s>0 
i>l 

which is the second limit required for the lemma. □ 

We can now deduce the main result of this section. 

Lemma 4.3. Let N be a finite von Neumann algebra. Let x = be an element of {A ® 
CI)' n {C¥k ® N)"^ with \\xj^ = 1 and E^-^^ixn) = for all n. Write x^ = J2i,r,s C,. ® 
for some a^'l G L'^{N) and convergence in f'i^K) ®2 L'^{N). For each m G N, 



'n. — ' ^ ' 

Proof Lemma [42] gives 



n~*uj 

i>l, 
r<m or s<m 



lim VlK/o^llHO. (4.10) 



n— >a; 

i>l 
r>0 



For fixed sq > 0, we can combine M.lOp with Lemma [4?T] and the triangle inequality to obtain 

li^ElK^ollHO. (4.11) 



n— >a; 

r>so 



By replacing x with x*, we interchange the roles of r and s and hence, for each tq > 

limEll<o:sll2 = 0. (4.12) 



n— >t<j 

s>ro 



Combining the limits (14. lip and (I4.12p establishes the lemma. □ 
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5 Counting Words in F;^ 



This section contains the combinatorial ingredients required to show that the radial masa 
has the asymptotic orthogonality property. 

Let g,h G F^. Say that there are exactly i > cancelations in the product gh if \gh\ = 
\g\ + \h\ — 2i. Given non-empty subsets a, t of {af^, . . . , a^^} and n > 0, let Wnicr, r) denote 
the sum of all words of length n which begin with an element of a and end with an element 
of r. Write i/„((T, r) for the number of words in this sum so that z/„((T, r) = ||ii'„(cr, r) II2. We 
abuse notation when sets of singletons are involved, writing I'niO'i, t) instead of z/„({ai}, r), 
for example. The values z/„(cr, r) can be explicitly computed by solving certain difference 
equations, see Lemma 4.3 and Remark 4.4 of [20], but for our purposes the following estimate 
of Sinclair and Smith will suffice. 

Proposition 5.1 (Sinclair — Smith, |20], Corollary 4.5]). There exists a constant Ci > 0, 
which depends only on K , such that 

kn(0-l,n) -Vn{(y2,r2) \ < Ci, 

for all n > and all subsets ai, 0-2, ti, T2 C {af^, . . . , a^^} with \(7i\ = \a2\ and \ri\ = \t2\. 

Recall that for a vector ^ G Wi, and m > we defined (Om,m = {'^K —l)'"^q2m+i{'WmC,Wm) 
in (13.21) . In this section, our objective is to estimate 

{{ki)m,m{gi — g2), h{k2)m,m) 

where gi, g2, h, ki, k2 G F;^ have \gi\ = \g2\ and m is sufficiently large. Fix such gi, g2 and h 
and let m > 2max(|5fi|, \ h\). 

Write S"^{ki,gi) for the collection of all words of the form xkiygi, where x, y have length 
m and there are no cancelations in the products xki and kiy. Write T™(A;2, h) for the collec- 
tion of all words of the form hxk2y, where x,y have length m and there are no cancelations 
in the products xk2 and k2y. Then 

{{hUmgu h{k2Um) = (^^^Yj^l^'"(^2, k) H S'^ik,, g^)\. (5.1) 

For <i < write S^{ki,gi) for those words xkiygi in S"^{ki,gi) which have exactly i 
cancelations in the product ygi so that S"^{ki,gi) = IJ1=o "S"™!^!' fl'i)- 

Lemma 5.2. With the notation above, 

|T™(fc2,/i) n5™(fci,(7i)| - \T"'ik2,h) n S"'ik,,g2)\\ < Ci(2ir- l)"+l'^l, 
where Ci is the constant of Proposition 15. Jl 

Proof. Let / = l^^il = \g2\ and express gi and g2 as reduced words gi = gi^i...gi^i, g2 = 
g2,i ■ ■ ■ g2,i- There are {2N — 1)™ reduced words x G F^ of length m with no cancelations in 
the product xk2. Given such an x, write 



Ip{x) 



{y eFk ■■ hxk2y E S"'{ki,gp), \y\ = m, \k2y\ = m + \k2\} 



p=l,2 
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and it then suffices to show that 

\h{x)-l2{x)\<C,{2K-lf^, (5.2) 

for all such x. Fix such an x, and let j be the number of cancelations in the product hx. 
By comparing the lengths of words, Ii{x) = hix) = unless there is some integer i with 

< z < \gi\ and 

l^il + \9i\ — 2i = \k2\ + \h\ — 2j. 

Furthermore, the words hxk2y lying in the sets S"^{ki,gi) and S"^{ki,g2) appearing in (15.21) 
must actually lie in S^{ki,gi) and S'^{ki,g2) respectively. We now consider three cases 
individually. 

Firstly suppose that \hxk2\ > m+\ki\. The words of S"^{ki,gi) and S"^{ki,g2) all contain 
a copy of ki from the (m + l)-th letter to the (m + |fci|)-th letter. Therefore we can assume 
that ki is contained in hxk2 from the (m + l)-th letter to the (m + |A;i|)-th letter, otherwise 
both /i(x) = and hix) = so (15. 2p is immediate. For hxk2y to lie in S^{ki,gi), the 
last / — i letters of y must be gi^i+i ■ ■ ■ (?!,/. That is, writing y = yi . . . ym, we must have 
ym-i+i+i = gi,i+i, ym-i+i+2 = fl'i,i+2, • • • , 1/m = 91,1- Fov hxk2y to lie in S^{ki, gi), hxk2y must 
have the form 

hxk2yi . . . Vm-i+iigi} ■ ■ ■ gi,l){gi,i ■ ■ ■ gi,i)gi,i+i ■ ■ ■ gi,u 

where there is no cancelation in the products k2yi and y^-i+igil (the latter condition gives 
no restriction if z = 0) and ym-i+i 7^ gil+i = (^^^^ condition gives no restriction if 

1 = I). Furthermore every such yi . . .ym-i+i gives rise to some y with hxk2y G S'^{ki,gi). 
Therefore 

h{.x) = Um-i+ii{ai^, • • • , \ {last letter of ^2}, {af^, . . . , a|^} \ {gi-^i, gi,i}) 
with the appropriate adjustments if z = or i = /. Similarly 

hix) = z/„_;+i({af \ . . . , a^^} \ {last letter of /C2}, {a^\ . . . , a|^} \ {5-2^*^+1, 5'2,i}), 
with the appropriate adjustments if z = or i = /. Proposition 15. II implies that 

|/l(x)-/2(x)| <Ci, 

and so (15. 2p follows. 

Now consider the case that m+1 < \hxk2\ < m+|A;i|. Let r = \hxk2\—m. We can assume 
that the first r letters of ki make up the last r letters of hxk2, otherwise both /i(x) and h^x) 
are zero. Any y for which hxk2y G S^{ki,gi) must commence with the last {\ki\ — r)-letters 
of fci, that is we may assume yi, ■ ■ ■ ,y\ki\~r are given. Arguing exactly as in the previous 
paragraph we see that 

h{x) = z/,^_i_(^+i)+i({af \ . . . , a|^} \ {l/^^^|_J, {af\ a|^} \ {g^j+i, gl,^}) 

and 

hix) = u^_i_(^r+i)+i{{af\ a%^} \ {2/|fcJ|_ J, {af\ a%^} \ {c/2"i+i, g2,i})- 
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Again (15 .2^ follows from Proposition 15. 11 

Finally, consider the case that \hxk2\ < m + 1 and let r = m — \hxk2\ and note that 
r < m — (m+ |/c2| + \h\ — 2j) < \h\. In this case any y for which hxk2y lies in SY'iki^gi) must 
contain a copy of ki from the (r + l)-th position to the (r + |fci|)-th position. Any choices 
of yi, ... ,yr which lead to no cancelations in k2y and yrki are permissible and for each such 
choice, arguing just as before, there are 

iym-l-{r+\ki\)+i{{at^ , ■ ■ • ,«^^} \ {yr"+Vi|}' {^^^ ' " ' '^^^l \ {fi'M+1' fi'l,*}) 

choices of yr+\ki\+i ■ ■ - ym giving rise to an element hxkiy in S^{ki,gi). There are at most 
{2K — l)** choices of . . . , yr, so Proposition 15.11 gives 

|/i(a;) - l2ix)\ < Ci{2K - If < C{2K - l)l''l. 

Thus (15.21) also holds in this case. □ 

We need one final combinatorial ingredient for our proof of the maximal injectivity of 
the radial masa. 

Lemma 5.3. Let gi, g2,h e¥k have \gi\ = \g2\ and let m > 2r[iayi{\gi\,\h\) . Write I for the 
set of all pairs {ki, k2) in ¥\ such that ((A;i)m,m(fi'i ~ 92)-, ^(^2)m.m) 7^ 0. Then there exists 
a constant C2, depending only on K, \gi\ and \h\ so that, for ki fixed, there are at most 
C2 values of k2 with {ki,k2) G / and for k2 fi,xed, there are at most C2 values of ki with 
{ki,k2) e I. 

Proof. Fix ki G ¥k. The inner product {{ki)m,m{gi — ^72), ^(^2)01,™) is zero when both the 
intersections S''"'{ki, gi)nT"^{k2, h) and 5'™'(/ci, (72) nT™(A;2, h) are empty. These intersections 
are both empty unless there are i and j with Q < i < \gi\ and < j < \h\ and a word of 
length 2m + \ki\ + \gi\ — 2i = 2m + 1^2! + \h\ — 2j containing ki from the (m + l)-letter 
to the (m + |fci|)-th letter and containing k2 from the {m + \h\ — 2j + l)-th letter to the 
(m + \k2\ + \h\ — 2j)-th letter. Since the possible values of i and j depend only on l^fil 
and \h\, it suffices to find C2, depending only on l^fil, h and K, such that for each i and 
j, there are at most C2 values of k2 satisfying these conditions. For fixed i and j, we have 
the freedom to choose the first max(0, 2j — |/i|)-letters of k2 and the last max(0, \gi\ — 2i)- 
letters of k2 (subject to their being no cancelations) the remaining letters are determined 
by ki. Estimating crudely, there are at most (27^)1^1+1^11 snch choices and so we can take 
C'2 = (2i(')l'*'+l^iL A similar argument shows that the value of C2 obtained also satisfies the 
second statement of the lemma. □ 



6 Maximal Injectivity of the Radial Masa 

In this section, we combine the results of the previous two sections to show that the radial 
masa has the asymptotic orthogonality property. We need one final lemma. 

Lemma 6.1. Let gi,g2,h G Fx have \gi\ = \g2\. There exists a constant C3, which 
depends only on gi,g2,h and K, such that for all finite von Neumann algebras N, all 
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m > 2 max(|(7i|, and all vectors rji,rj2 G (?{¥k) ® L'^{N) which lie in the closed lin- 



ear span of ^, 



L'^{N) for i > 1 and r,s > 1, we have 



{Vi{{9i - 92) ® 2:1,2), {h O Z2,2)V2) < C3{2K - 1) ™ ||r7i||2 Hr/sHs |ki,2|| Ik2,2|| , 
for all zi,2, -2:2,2 e A^. 

Proof. Note that Cr+m,s+m = iCs)m,m- Each lies in Wi(^i)+r+s, the span of the words of 
length l{i) + r + s and the map ( 1-^ Cm,m is an isometry Wi(i)+r+s W^/{i)+r+s+2m- Thus 
Cr+ms+m li^s in the span of the elements km,m for k E ¥r with |/c| = /(i) + r + s. Note too 
that the elements {km,m)k£¥r\{e} form an orthonormal set in £^(Fx). This follows as fcm,m 
consists of the normalised sum of all words of length + 2m which contain k beginning in 
the (m + l)-th position. All the words in the sum for ki are then orthogonal to the words in 
the sum for ^2 unless fci = /c2- 

The hypotheses of the lemma and the preceding paragraph allow us to write 



k^e 



for some ak,Pk £ L'^{N) with J2k 



nWl aiid Y.k WPkWl = IMl and so 



iviiigi - 92) ® 21,2), {h (g) Z2,2)'n2) 



{{ki)m,m{9l - 92),h{k2)m,m){(ykiZi^2,Z2,2Pk2) 

fci,fc2^e 

< Ikl,2|| |k2,2|| ^ llafcilbll/^fcalh 
ki,k2^e 



{{k])m,m{,9l - 92), h{k2)m,m) 



(6.1) 



Let / be the set of all pairs (fci, ^2) such that the inner product {{ki)m,m{9i — 92), h{k2)m,m) 
is non-zero. By Lemma [5.21 and (15. ip 

I ((A:i)„,™((7i - 92). h{k2Um) I < C,i2K - 1)1'^!-'", m > 2 max(|f7i|, |/i|), 



where Ci is the constant (depending only on K) from Proposition [5TI1 Applying the Cauchy- 
Schwartz inequality to (16. ip ) gives 



{Vli{9l - 92) ® ^1,2), {h (g) Z2,2)V2) 



<Ci{2K - ly^^-"" \ J2 
,{fci,fc2)e/ 



II 2 




^1,2 P^2,2 



Lemma 15731 gives us a constant C2 (depending only on If^il, and K) such that for each 
fci, there are at most C2 words of ^2 with (fci, ^2) £ and for each ^2, there are at most C2 
words ki with (^1,^2) G /. Thus 



{Viii9i - 92) ® -21,2), {h ® Z2,2)V2) < C^Cl'\2K - 



mh II^SIU IF1,2|| IF2,2| 



and the result follows, where the constant C3 is given by C3 = CiC\^'^{2K — 1)I'^L 



□ 
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We can now prove the main technical result of the paper. We can then deduce that the 
radial masa is maximal injective from the results of Section [2l 

Theorem 6.2. Let N be a finite von Neumann algebra. The radial masa A in the free group 
factor C¥k has the asymptotic orthogonality property after tensoring by N. 

Proof. Let be a finite von Neumann algebra with a fixed faithful normal, normalised 
trace. Given x^^\x^^'> G (A ® CI)' n (CFkT with E(^Amri^^^^) = E^Amri^^^^) = and 
yi,y2 £ ® with -^Awd/i) — 0- It suffices to prove that x^^^yi ± y2X^'^\ 

By linearity and density, we may first assume that y2 is of the form h ® Z2,2 for a single 
group element h G Fx and ,22,2 ^ N . We may also assume that yi is an elementary tensor 
^1,1 ® -21,2, where zi^i is an element of CFk with Ea{zi^i) = 0. Elementary algebraic calcula- 
tions show that such elements are linear combinations of elements of the form gi — g2 with 
\gi \ = I (72 1- Thus we may assume that yi = {gi — (72) ® -21,2 for some \gi\ = \g2\. Choose repre- 
sentatives (xn^), (xi?) of with E^-^j^lxn^) = E^-^j^lxn^) = and ||xi^^||2 = ||a;^^^||2, 
lla^n^lb = lla^^^^lh for all n. 

We can write Xn^ = J2irs^r,s ® Q^r,'s'\ foi^ '^r,^^ ^ L'^{N). For each m > 0, Lemma [4731 
shows that 



n—^u! 

i>l 
r,s>m 



In particular, if we define elements 



r,s '^r,s 



i>l 
r,s>m 



in e{¥K) 02 ^^(A^), then 

(x^^\{9i - 92) ® ^1,2), {h ® Z2,2)x^^'^) = lim (^^^(^i - 92) ® -21,2), (h (g) Z2.2)x^^^) 

= lim {r]^^\{9i - g2) ® 2:1,2), {h ® z^Mn^) . 

Lemma [6TT] gives us a constant C3, which depends only on Isfil, and so that 

Wn\{9l - 92) ® Z,,2), {h ® Z2,2Wn^) \ < C,{2K - l)"™ \\Tt^\ \\Tt^\ ||zi,2|| 1^2,211 • 

Since lim„_>^ ll'7n^l|2 = lla;*--'^ II2, we obtain 

- g^) ® zi,2), {h ® ^2,2)^(2)) I < C^{2K - 1)-™ ||^ ||zi,2|| 1^2,211 , 

for all m G N. Hence x'^^\[g\ — g-i) ® 2:1 2) -L (/i ® -22,2)a;'-^'', as required. □ 

The corollaries below now follow from Corollary 12.31 and Theorem 12.81 

Corollary 6.3. For each K > 2, the radial masa is a maximal injective von Neumann 
subalgebra of C¥x. 
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Corollary 6.4. Let A he the radial masa in C¥k- Let B d N he an inclusion of a type I 
von Neumann algehra in a finite von Neumann algehra such that B is maximal infective in 
N . Then A ® B is maximal infective in C¥k ® A^. 

Corollary 6.5. Fix n G N. For 1 < i < n, let Ai he either a generator or radial masa in 
C¥k^ for some Ki > 2. Then the tensor product Ai ... An is maximal infective in 
C¥k, ® ... ® C¥k„. 

7 Concluding Remarks 

Let B denote a generator masa in C¥k- As a preliminary step in his proof that B is 
maximal injective in C¥k, Popa uses the fact (see [15], Proposition 4.1]) that if Bq is a diffuse 
subalgebra of B, then Bq fl C¥k = B. It follows that if L is any intermediate von Neumann 
algebra between B and C¥k, then there is a family of orthogonal central projections {pi)i>o 
in L which sum to 1 such that Lpo = BpQ and for z > 1, each Lpi is a lli factor. Popa then 
uses the critical asymptotic orthogonality calculation [lH Lemma 2.1] to show that these 
factors Lpi can not have property T and the maximal injectivity of B follows (see Corollary 
3.3 of [H]). 

The argument of section [2] allows us to deduce the maximal injectivity of B directly 
from Popa's asymptotic orthogonality calculation. Using Ozawa's solidity of C¥k the 
additional properties of the generator masa found in Popa's proof can then be recovered. 
This works for any maximal injective von Neumann subalgebra and so in particular, the 
radial masa shares all the properties of the generator masas developed in [H]. Recall that 
a von Neumann algebra M is solid if the relative commutant of every diffuse von Neumann 
subalgebra of M is injective. 

Proposition 7.1. Let B he a maximal injective von Neumann suhalgehra of a solid IIi factor 
M. If L is an intermediate von Neumann suhalgehra hetween B and M , then there is a family 
of orthogonal central projections {pi)i>o in L which sum to 1 such that Lpo = BpQ and for 
i > 1, each Lpi is a IIi factor without property T. 

Proof Note that B'nM C B hy maximal injectivity so that L'nM = Z{L) C Z{B). Let po 
be the maximal central projection of L such that Lpo is diffuse. Then LpQ C [Z{L)pq)' fl M 
and this last algebra is injective by solidity of M. Since {Z{L)pq)' fl M contains B, we 
have Lpo ^ B hy maximal injectivity of B. Let {pi)i>Q denote the minimal projections of 
Z{L){\ — Po) so that for i > 0, each Lpi is a factor of type lli. These factors can not have 
property F, by Popa's observation pTj, Proposition 7]. □ 

The generator and radial algebras also give rise to masas at the level of the reduced 
C*-algebra. Write Bq for the C*-subalgebra of C*(¥k) generated by the first generator and 
Aq for the C*-subaglebra oiC*(¥K) generated by Wi. Both Aq and Bq are maximal abelian 
subalgebras of C*.(¥k)- The later claim is well known, while the former can be found in [TT] . 

Proposition 7.2. The algehras Aq and Bq are maximal nuclear C* -suhalgehras ofC*{¥K)- 
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Proof. Represent C*(¥k) on i^iFx) and let Lq be a nuclear C*-subalgebra of C*(F/f) which 
contains Aq or Bq. Then Lq is an injective von Neumann subalgebra of CWk containing the 
radial masa A or the generator masa B so that Lq = A ot Lq = B by maximal injectivity 
of these algebras. In particular Lq and hence Lq is abelian. Since Aq and Bq are maximal 
abelian subalgebras of C*(Wk) it follows that Lq = Aq or Lq = Bq. □ 

An identical argument shows that any finite tensor product of n copies of the algebras 
Aq or Bq is maximal nuclear in the spacial tensor product of n copies of C*{¥k), since [251 
Theorem 4] the tensor product of masas is maximal abelian in the spacial tensor product. 
Since the algebra Bq has the extension property ([21 Example (i)]), it follows that Bq (g) Bq 
is a masa in C*{¥k) ®a C*{¥k) for any C*-norm a, [27]. However, Bq ® Bq need not be a 
maximal nuclear C*-algebra in C*{¥k) ®a C*(Fx) when a is larger than the minimal norm. 
We would like to thank Simon Wassermann bringing this to our attention and for allowing 
us to include the following argument here. 

Let a denote the conjugacy norm on C*(¥k) C*(¥k), given by the representation 
A X p of C;(¥k) © C;(¥k) on B(£2(Fj^)), where A and p are the left and right regular 
representations respectively. The kernel of the canonical *-homomorphism vr : C*{¥k) ®a 
C*{¥k) — > C*(¥k) <S)C*(¥k) consists precisely of the compact operators K{£'^{¥k)), which 
also is the only non-trivial ideal in this tensor product [I] (see also [26]). Consequently the C*- 
subalgebra D of C;(Fi^)®„C;(F;^) generated by Bq^Bq and K{f{¥K)) is a nuclear extension 
of a nuclear algebra so nuclear. Furtthermore, this algebra D is a maximal nuclear C*- 
subalgebra of C*(¥K)0aC*{¥K), for if Di was a nuclear C*-subalgebra of C*(F/f)(g)„C*(Fii-) 
containing D, then vr(L)i) would be a nuclear algebra containing Bq®Bq in C*(Fi^) ®C*(Fx) 
and so 7r(Di) = Bq® Bq by maximal nuclearity. Thus Di = D. 
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